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Abstract
A ring Λ is said to be coherent when the category of finitely presented Λ-modules is abelian;
otherwise it is said to be incoherent. We show that if G is a group which contains a direct product of
nonabelian free groups then the integral group ring Z[G] satisfies a strong form of incoherence, the
infinite kernel property.
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Introduction
There is a long standing conjecture in Algebraic K-Theory to the effect that Wh(G) = 0
for any torsion free group G.
The most significant attempt, so far, at settling this conjecture by purely algebraic means
is the study of Waldhausen [12]. There, for groups G constructed according to a general
inductive recipe, Waldhausen encounters the fundamental difficulty of showing that certain
subsidiary terms, the so-called ‘Nil groups’ Nil(G), are zero. Very little is known about
these Nil groups beyond two general facts; the first is the result of Farrell [3] that they
are either zero or infinitely generated; the second is the result of Waldhausen [12] that if
G has finite cohomological dimension then Nil(G) = 0 provided that finitely presented
Z[G]-modules and homomorphisms form an Abelian category. This condition on Z[G] is
called coherence. It can be formulated in a number of different ways, some of which are
set out in Section 2.E-mail address: feaj@math.ucl.ac.uk.
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Approximately stated, it asserts that if G has finite cohomological dimension and is
constructed as an amalgamated sum of ‘blocks’ Bi and ‘amalgamations’ Aj , then Z[G]
will be coherent provided the blocks are coherent and the amalgamations are Noetherian.
This criterion, useful so far as it goes, seems, in practice, to have a limited range of
applicability. For example, if Fn denotes the free group of rank n, then for m,n  2,
the obvious description of the direct product Fm × Fn has m regular coherent blocks
F1 × Fn amalgamated along the non-Noetherian group Fn. Thus the first question raised
by Waldhausen’s method is whether Z[Fm × Fn] is actually coherent despite the apparent
inapplicability of the criterion in this case. We answer this in the negative; more generally,
we show:
Theorem A. If G contains a subgroup isomorphic to Fm × Fn where m,n 2, then Z[G]
fails to be coherent.
It follows that many familiar finitely presented groups, in particular, discrete lattices in
‘most’ simple Lie groups, fail to be coherent.
In order to prove Theorem A, we restrict attention to groups whose integral group rings
Z[G] fail to be coherent in a particularly obvious way, namely by possessing the following
infinite kernel property, written as K(∞). Thus Z[G] satisfies K(∞) when there exists an
exact sequence
0 → P → Z[G]b → Z[G]a
where a, b are positive integers, and where P is a projective Z[G]-module of infinite rank.
This condition is particularly convenient to use in view of the following inverse hereditary
property:
Theorem B. If H is a subgroup of G and Z[H ] satisfies K(∞) then so also does Z[G].
Theorem A will follow from Theorem B provided we can show that Fm × Fn satisfies
K(∞). This is turn follows from Theorem B by showing that certain fibre products
Fn ×ϕ,ϕ Fn satisfy K(∞).
The paper is organised as follows: in Section 1, we introduce the infinite kernel property
and Theorem B (proved as Theorem 1.2) is obtained as a straightforward consequence
of the definition. We also show that possession of the K(∞) property is an invariant of
commensurability class. In Section 2, we introduce the coherence condition in the context
of derived modules. Finally, explicit examples of groups satisfying K(∞) are given in
Section 3.
1. The infinite kernel property
Throughout we work in the category of unitary associative rings which are augmented
by means of a (necessarily surjective) ring homomorphism ε :Λ → Z. Morphisms in this
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Λ
ε
ϕ
Λˆ
ε′
Z
When M is a Λ-module, we write M ⊗Λ Z = M ⊗ε Z. If P is a countably generated
projective Λ-module, then, for any ring homomorphism ϕ : Λ → Λˆ, P ⊗ϕ Λˆ is projective
and countably generated over Λˆ. Over Z, every projective module is free of uniquely
determined rank [1]. Thus if P is a countably generated projective Λ-module then
P ⊗Λ Z ∼= Zα for some uniquely determined value of α (α = 1,2, . . . ,∞), and we define
the rank, rk(P ) of P by means of
rk(P ) = α = rkZ(P ⊗Λ Z).
We say that Λ has property K(∞) when there exists an exact sequence
0 → P → Λb → Λa
where a, b are positive integers and P is a projective Λ-module of infinite rank.
Proposition 1.1. Let Λ ⊂ Λˆ be an extension of augmented Z-algebras, and suppose that
Λˆ is free as a (left) Λ-module; if Λ has property K(∞) then so also does Λˆ.
Proof. Suppose that Λ has property K(∞); that is, there exists an exact sequence of Λ-
modules
0 → P i→ Λb ϕ→ Λa
where a, b are positive integers and P is Λ-projective of infinite rank. Since Λˆ is free as
a left Λ-module, the functor − ⊗Λ Λˆ is exact. Since Λα ⊗Λ Λˆ ∼= Λˆα we obtain an exact
sequence
0 → P ⊗Λ Λˆ i→ Λˆb ϕ→ Λˆa.
Moreover P ⊗Λ Λˆ is Λˆ-projective, and
(
P ⊗Λ Λˆ
)⊗
Λˆ
Z ∼= P ⊗Λ Z
so that P ⊗Λ Λˆ also has infinite rank. Hence Λˆ has property K(∞). 
These considerations apply when Λ is the integral group ring Λ = Z[G] of a group G.We say that a group G has property K(∞) when the integral group ring Z[G] has property
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morphism of augmented Z-algebras. Furthermore, as a left Z[H ]-module, Z[G] is free
on the basis G/H . It follows that:
Proposition 1.2. Let H be a subgroup of a group G; if H has property K(∞) then so also
does G.
Observe that in the case of a subgroup of finite index, the above implication becomes
equivalence:
Proposition 1.3. Let H be a subgroup of finite index in a group G; then
H has property K(∞) ⇔ G has property K(∞).
Proof. By 1.2, it suffices to show (⇐); thus suppose that there is an exact sequence of
Z[G]-modules
0 → P → Z[G]b → Z[G]a
where P is a projective Z[G]-module of infinite rank. LetRGH be the functor which restricts
scalars from Z[G] to Z[H ]. Then RGH is exact, and RGH (Z[G]) ∼= Z[H ]d ; application of
RGH to the above gives an exact sequence
0 → Q → Z[H ]db → Z[H ]da,
where Q =RGH (P ). However,
Q ⊗Z[H ] Z ∼=
(
P ⊗Z[G] Z[G]
)⊗Z[H ] Z ∼= P ⊗Z[G]
(
Z[G] ⊗Z[H ] Z
)
∼= P ⊗Z[G] Zd ∼=
(
Z∞
)d ∼= Z∞.
Thus Z[H ] also has property K(∞). 
In consequence, possession of propertyK(∞) is an invariant of commensurability class.
Corollary 1.4. Let G, H be commensurable groups; then
H has property K(∞) ⇔ G has property K(∞).
2. Derived modules
Let M , N be right Λ-modules; we introduce the stability relation ‘∼’ on right Λ-
modules as follows; writeM ∼ N ⇔ M ⊕ Λa ∼= N ⊕ Λb
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Λ-module M , we denote by [M] the equivalence class of M under ∼. [M] is called the
stable module determined by M . Observe that:
Proposition 2.1. Let M , N be right Λ-modules such that N ∈ [M]; then as Λ-modules, N
is finitely generated if and only if M is finitely generated.
If M is a finitely generated Λ-module, then, by Schanuel’s Lemma, there is a well-
defined stable module Ω1(M) determined by the rule that Ω1(M) = [Ω] if there exists an
exact sequence of Λ-modules of the form
0 → Ω → Λa → M → 0
where a is a positive integer. It may or may not be true that Ω is finitely generated.
However, this depends only on M , and not the particular representative Ω of Ω1(M) which
is chosen. We say that Ω1(M) is finitely generated when N is finitely generated for at least
one (and therefore for any) representative N ∈ Ω1(M). Otherwise we say that Ω1(M) is
infinitely generated.
We say that M is finitely presented when both M and Ω1(M) are finitely generated;
equivalently, M is finitely presented when there exists an exact sequence of Λ-modules of
the form
0 → Ω → Λb → Λa → M → 0.
We then write Ω2(M) for the stability class of Ω ; again by Schanuel’s Lemma, the stability
class [Ω] of Ω depends only upon M , and we write
Ω2(M) = [Ω].
As before, we say that Ω2(M) is finitely generated when at least one element Ω ∈ Ω2(M)
is finitely generated (then every Ω ∈ Ω2(M) is finitely generated). Otherwise we say that
Ω2(M) is infinitely generated. In general, if M is a finitely generated module and the
stable modules Ω1(M), . . . ,Ωm−1(M) are defined and finitely generated, then there exists
an exact sequence
0 → Ω → Λem−1 → ·· · → Λe1 → Λe0 → M → 0,
and the stable class [Ω] then defines the stable module Ωm(M), which again may or may
not be finitely generated. We note the following:
Theorem 2.2. The following conditions are equivalent for any ring Λ:
(i) if M is a finitely presented Λ-module and Ω ∈ Ω1(M) then Ω is also finitely
presented;
(ii) if M is a finitely presented Λ-module and then Ωn(M) is defined and finitely
generated for all n 2;
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Ωn(M) is defined and finitely generated for all n 2;
(iv) if a, b are positive integers, then in any exact sequence of Λ-modules of the form
0 → Ω → Λb → Λa → M → 0, Ω is finitely generated;
(v) if a, b are positive integers, then in any exact sequence of Λ-modules of the form
0 → Ω → Λb → Λa , Ω is finitely generated.
A ring Λ which satisfies any of these conditions (i)–(v) is said to be coherent. Otherwise
we shall say that Λ is incoherent. Clearly we have:
Proposition 2.3. If Λ has property K(∞) then Λ is incoherent.
When M is a Λ-module, we write cd(M) for its cohomological dimension; we have:
Proposition 2.4. Let M be a finitely generated Λ-module such that, for some m 2,
(i) Ω1(M), . . . ,Ωm−1(M) are defined and finitely generated;
(ii) Ωm(M) is infinitely generated;
(iii) cd(M)m;
then Λ has property K(∞).
Proof. By (i), there exists an exact sequence
0 → Ω → Λem−1 → ·· · → Λe1 → Λe0 → M → 0 (∗)
where e0, . . . , em−1 are positive integers. By (iii), there is an exact sequence
0 → Pm → Pm−1 → ·· · → P1 → P0 → M → 0. (∗∗)
Comparing (∗) and (∗∗) by means of Swan’s generalization of Schanuel’s Lemma [10],
we see that
Ω ⊕ Q ∼= Pm ⊕ Q′
for some projective modules Q, Q′. In particular, Ω , being a direct summand of the
projective module Pm ⊕ Q′, is necessarily projective. However, by (ii), Ω is not finitely
generated; that is, Λ has property K(∞). 
3. Incoherence of integral group rings
We now restrict attention to the case where Λ = Z[H ], the integral group ring of a
group H . We say that H is incoherent when Z[H ] is incoherent. As usual we denote by Z
the trivial Z[H ]-module having Z as underlying abelian group.
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Proof. Let {x1, . . . , xh} be a generating set for H ; then we have an exact sequence of
Z[H ]-modules
Z[H ]h ∂→ Z[H ] ε→ Z → 0
where ε is the augmentation map, and ∂ is the Z[H ]-homomorphism defined by the 1 × h
matrix
∂ = (x1 − 1, . . . , xh − 1).
Thus Ω1(Z) is represented by the augmentation ideal Ker(ε) which, being isomorphic to
Im(∂), is finitely generated. 
Recall that the cohomological dimension cd(H) of the group H is the same as the
cohomological dimension cd(Z) of the trivial Z[H ]-module Z. If cd(H)  2, then any
representative of Ω2(Z) is projective; from 1.2 we obtain immediately:
Proposition 3.2. Let H be a finitely generated group; if cd(H) 2 and Ω2(Z) is infinitely
generated, then Z[H ] has property K(∞).
Corollary 3.3. Let H be a finitely generated group; if cd(H)  2 and Ω2(Z) is infinitely
generated, then H is incoherent.
We proceed to produce a class of groups satisfying the hypotheses of 3.2. Thus for n 2
let Fn be the (nonabelian) free group of rank n, and let F1 = C∞ be the infinite cyclic
group. Choose n  2, and let ϕ :Fn → C∞ be a surjective homomorphism; we define
H(n,ϕ) to be the fibre product
H(n,ϕ) = Fn ×ϕ,ϕ Fn =
{
(x, y) ∈ Fn × Fn: ϕ(x) = ϕ(y)
}
.
Proposition 3.4. H(n,ϕ) has property K(∞).
Proof. It is easy to check that H(n,ϕ) is both a normal subgroup and a subdirect product
of Fn × Fn. The finite generation of H(n,ϕ) thus follows from [7] (Corollary 3.6). The
argument of Grunewald [5, Proposition B], now shows that, over H(n,ϕ), the derived
module Ω2(Z) is infinitely generated. Finally, since cd(Fn) = 1 and H(n,ϕ) is a subgroup
of Fn × Fn, then cd(H(n,ϕ)) 2. 
In fact, cd(H(n,ϕ)) is exactly equal to 2, since it contains a copy of C∞ × C∞. From
3.2, we now get:
Corollary 3.5. Let G be a group which contains a subgroup isomorphic to H(n,ϕ); then
Z[G] has property K(∞).
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K(∞). Furthermore, Fm is contained as a subgroup of index m− 1 in F2, so that, Fm ×Fn
being commensurable with F2 × F2, also has property K(∞). In practice, it is simpler to
use the groups Fm ×Fn as models for theK(∞) property. Thus from 2.3 and 3.2 we obtain
our main result:
Theorem A. Let G be a group which contains a copy of Fm × Fn; then Z[G] fails to be
coherent.
One may observe that a group G contains a copy of Fm × Fn, for some m,n  2
precisely when G contains a copy of F∞ ×F∞. Thus we see that a group G which contains
a copy of F∞ × F∞ also has property K(∞), and again fails to be coherent.
It follows from these observations that many familiar infinite groups fail to be coherent;
in particular, this is true of ‘most’ semisimple lattices. To see this, in general terms,
note that by the Arithmeticity Theorem of Margulis [9], a typical lattice Γ in a general
noncompact semisimple Lie group is arithmetic; that is, there is an algebraic group G
defined and semisimple over Q such that Γ is commensurable with the group GZ of
points which stabilize an integer lattice under a faithful representation. It suffices to
consider the case where G is Q-simple of real rank  2. Then, except in low dimensional
cases, G contains a proper semisimple algebraic subgroup H × K. By a result of Tits
[11], both HZ and KZ contain nonabelian free groups. Thus GZ contains a copy of
Fm × Fn, and so has property K(∞). Hence Γ , being commensurable with GZ, also has
property K(∞).
It is also true that ‘most’ poly-surface groups fail to be coherent. For example, let
1 → Σh → G → Σg → 1
be a group extension where Σn denotes the fundamental group of a closed surface of
genus n  2. Using, for example, the arguments of [8], it is straightforward to see
that if the operator homomorphism c :Σg → Out(Σh) fails to be surjective then G
contains a subgroup of the form F∞ × F∞, and so fails to be coherent. However, our
arguments do not settle those cases (see [6]), in which the operator homomorphism is
injective.
The incoherence result established here raises some questions of theory. For example, if
G is a direct product of surface groups then G is incoherent, and so Waldhausen’s purely
algebraic attempt to calculate Wh(G) breaks down from an inability to show that the exotic
Nil term vanishes. However, in [4], Farrell and Jones show by geometrical methods that
the Whitehead group does vanish in such cases.
One may compare this with a result of Cohn [2], where it is shown by purely algebraic
methods that the integral group ring Z[Fm1 × Fm2] of a direct product of two free groups
imbeds in a division ring. However, the method does not obviously generalize to more than
two factors, although there is no obvious reason to doubt that the more general statement
remains true. It is tempting to speculate that geometrical methods along the lines of [4]
might be employed to bridge the gap.
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